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Æ(r   R): (3)
























































































and the extrinsic curvature vanish, so that a
zero shift 
i
= 0 identically satises the shift equation
obtained in the conformal thin-sandwich decomposition.
The Hamiltonian constraint (4) and the maximal slic-
ing condition (5) can readily be solved analytically by
matching two vacuum solutions at the shell's radius R.
Choosing the vacuum solutions such that the interior so-
lution is regular at the center, while the exterior solution



























Here and in the followingwe non-dimensionalize all quan-
tities with respect to M
0
, e.g. r  r=M
0




can be found by evaluating the conformal factor at
r =



















The sign has been chosen so that  approaches the grav-
itational potential 
Newt
in the Newtonian limit.






















the exterior conformal factor (9) can be written








The maximal slicing condition (5) can be solved anal-


























































Evaluating this expression at r =



















































We note that the Komar mass is a slicing dependent
quantity, and that this particular form results from hav-
ing imposed maximal slicing. In terms of the Komar and


















This expression reduces to the lapse as identied from
the Schwarzschild metric in isotropic coordinates (see,








(compare criterion (31) below).
So far, the shell's radius

R and Lorentz factor W ap-
pear independently in the above equations. It is intu-
itively clear that searching for circular orbits will yield a
relation between the particles' angular velocity and the
gravitational eld, and hence between

R and W . Since
our model consists of collisionless particles, circular orbits
can be determined directly by solving the geodesic equa-
tions. Since all particles are identical, it is suÆcient to
evaluate the equation of motion for one particle, which





= 0, so that the normalization condition


















where we temporarily drop the bar notation. We now












3for a = r to nd a condition for the particles to remain











































When evaluating the Christoel symbols, we must take
into account the discontinuity in the rst derivative of
the metric coeÆcients at r = R. By averaging such a
quantity over an extended shell and letting the thickness















































































After some algebraic manipulation and dividing out the















R = 0; (26)
where we have reintroduced the bar notation. This is
the condition relating W and

R for circular orbits. It is










in the Newtonian limit (with

R  1, v  1 and W '
1 + v
2









For black holes, alternative criteria have to be used to
identify circular orbits. In the following we will compare
the turning-point method adopted by CB and the mass
criterion adopted by GGB.
In the turning-point method, a circular orbit is identi-
ed by nding an extremum of the ADM mass (or equiv-

















In a Newtonian context, this condition arises natu-
rally from Hamilton's equations of motion. We start




























  1)(1 + b)





for sequences of constant angular momentum, where for





We now locate an extremum of the ADM mass (11) by
setting its derivative with respect to




































Inserting b and eliminating the unphysical root W =
 

R=2, eq. (30) can be expanded identically into eq. (26).
In the mass method of GGB, the condition for circular
orbits is obtained by equating the ADM and Komar mass









Inserting (11) and (16) yields, after some manipulation
and elimination of the unphysical root W = 0, again
the condition (26). Thus we have established that both
criteria yield the correct condition for circular orbits in
our model problem.
Since (31) only holds for stationary spacetimes, this
criterion is closely related to a relativistic virial theorem.
This relation is also evident from the expansions of the









































where U and T are the Newtonian potential and kinetic
energies of the spherical shell. The two expansions (32)
and (33) are equal only if the Newtonian virial theorem
T =  U=2 holds.
For completeness, we evaluate the relativistic virial




























































which can again be brought into the form (26).
4We now briey discuss the physical implications of the
















To nd a minimum value for the radius of our shell, we










  2) = 0: (37)





= 1:532. Expressing this in
terms of M
ADM










= 2:506 (equilibrium): (38)














= 3 [23] for test particles in circular
orbit in Schwarzschild spacetimes.
Requiring the particles' orbits to be stable leads to a
more stringent limit on the compaction, which we nd by






R to vanish in addition to (27). This yields an equation













= 4:265 (stability); (39)







= 6 of test particles in
Schwarzschild spacetimes.
To summarize, we construct an analytic solution to
Einstein's eld equations describing a thin spherical shell
consisting of collisionless particles in circular orbits. We
apply the turning-point criterion (27) used by CB and
the mass criterion (31) used by GGB and nd that both
conditions correctly identify circular orbits. The later
criterion is intimately related to adopting maximal slic-
ing, which is a natural choice for constructing quasi-
equilibrium spacetimes (compare [16]). Our calculation
illustrates these two criteria in the context of a very
transparent, analytical framework and provides further
evidence that the dierences between the ndings of CB
and GGB result from the dierent initial value decom-
positions.
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